COUVERTURE

Technical Report on OBGMCDC properties

Abstract

This document gathers results established or formalizéddogouverTure project team
about relationships between specific coverage criteria.fodes in particular on how
Object Branch CoveragfOBC) relates to théodified ConditioyDecision Coverage
(MC/DC) criterion.

We provide two broad categories of results: formal proofsrgdortant properties over
a model of the two criteria, and a machine-automated vetibicaof some of these
properties for concrete subsets of the model expressedag.Alhese results constitute
the grounds on which our project coverage analysis framewperates to infer source
coverage results from object coverage information out ofnstrumented execution
environment.



1 Common definitions

1.1 Decisions, conditions

We are considering decisions that are short circuit bookequmessions, i.e. expres-
sions consisting in elementary boolean conditions combiogether using only the
and then, or else andnot operators.

In order to compar®bject Branch Coverag® Modified ConditiofDecision Coverage
it will be shown that the appropriate abstractions are Red@@rdered Binary Decision
Diagram. For each decision (ROBDD), we will provide an aitjon that constructs the
associated ROBDD, whose nodes are conditions. (RO)BDDs &aentry point, and
two or more exit edges labeled True and False.

In the remainder of this document, unless otherwise inda;adll references to BDDs
denote reduced ordered BDDs. For a set S, #S will refer tosetis cardinal. For a
decision D, cond(D) will be the set of its conditions.

1.2 Coverage metrics

Coverage assessment is accomplished by exercising sowe giieobject code in a

variety of test cases, recording data along the way, anddb&grmining whether the

successive executions of the object code satisfy a giveariom of exhaustiveness. This
section will define the main coverage criterion that we walhsider.

The minimum number of distinct executions required to ashi@ specific criterion is
an important aspect in the evaluation of any coverage assegssnethodology. Here
we establish some properties that give a hard limit on téstize for various coverage
metrics.

1.2.1 MGDC

Formal definition:  The formal definition of MZDC that it used here is the one given
in [Chi01], using a graph-coloring algorithm to determiniesther two given evaluations
show the independent influence of a condition. Amongst thews formal definitions
that you may find in the litterature, this one has the advantagpply also to short-
circuit operators, which is mandatory in the context of/GerTURE.

The following will not re-define what has already been dethiin [ChiO1]; we will
just give an example on how it works and will invit the inteegkreader to consult the
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original document. A formal definition may also be found ie thlloy model, in file
decision_coverage.als.

This formal definition of MGDC uses a simple graph-coloring algorithm to determine
whether two given evaluations show the independent infle@ia condition. It first
colors each node of the decision syntax tree with both etiahs for example, for a
decision A and then B) or else C, the syntax tree can be seen on figure 1(a).

OR ELSE

/N

AND THEN

I\

(Aand thenB)or elseC

For each evaluation, each node of the tree (atomic condtisaot of sub-decision) is
colored with the value that it takes in this evaluation: TfTUg False (F), Not_Evaluated
(X). For the evaluatiorel = (A = Trug B = TrugC = Not_Evaluated, we have the
coloring given on figure 1(b); and f@2 = (A = False B = Not_EvaluatedC = False),
we have the coloring given on figure 1(c).

Both graphs are then combined into an influence tree by >@each node. An exten-
sion of xor to three-value boolean algebra is used: anythargNot_Evaluated gives
False. In our case, the result is showed on figure 1(d).

The influence set of these two evaluations for the given @etis the set of conditions
that have a path of “True nodes” to the root. So here, it is ifglaston {A}.

The two classical variants of MDC are then defined as follow:

DermniTioN 1 Given a decision D, a pair of truth vectors satisfies MaskifgMC for a
condition c in cond(D) if and only if its influence set is thegteton {c}.

A test set satisfies Masking MBI for a decision D if, and only if, for each condition in
cond(D), there exists a pair of tests in the test set thasBat Masking MOC.
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DeriniTioN 2 Given a decision D, a pair of truth vectors satisfies UniqueissaM@DC
for a condition ¢ in cond(D) if and only if its influence sethetsingleton {c} and if c is
the only condition that is colored with True in the influeneet

A test set satisfies Unique Cause MC for a decision D if, and only if, for each con-
dition in cond(D), there exists a pair of tests in the testthat satisfies Unique Cause

MC/DC.

In our example, our pair of truth vectors satisfies both Uaiiause and Masking
MC/DC for condition A.

Properties: For Unique Cause, the following property holds:

Treorem 1 Unique M@DC on a decision with n independent conditions is achieved
with a test set of exactly-al tests, and cannot be achieved in fewer tests.
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(d) Influence tree

The existence of the test set is proved by induction. For amaiton, MGDC is
achieved with two tests, one setting it True and the otheseral

Now assume that the property holds formk N, and consider a decision witk + 1
conditions. Itis of the fornD = D| x D, wherex is eitherand then oror else. There
is also possibly a negation, which is omitted here sincestrtmimpact on MZDC. For
the remainder of this proof we assume the operatants then; the same reasoning
applies similarly for the case ofr else.

D, andD; are decisions with respectivatyandn, conditions (both at mo$t), andn, +
n, = N+ 1. From the induction hypothesis we have two test vectorigetsv,(0)..vi(n)}
and T, = {v(0)..vy(n;)} that satisfy M@DC for D, and D, respectively, and we can
arbitrarily choose the indices so tHatis True forvi(0) andD; is True forv;(0).

We can now create a combined test set for the complete de@simllows.
(7j € [0.m]) v(j) = () - w(0))
(Vjelln])v(ni+j) = (v(0)- v (j))

We have thus created a skt {v(0)..v(n + n;)} of N + 2 tests. It is immediate that the
elements with indices O tq give for D the same outcome as the corresponding elements
of Ty for Dy, and they all have identical values for the conditions carimom D,, so

they show independent influence of all conditions comingifia. Similarly the vector
set{v(0),v(n + 1)..v(n + n;)} shows independent influence of those conditions coming
from D;, so the new test sét satisfies M¢ZDC for D and thus the induction property
holds atN + 1 as well, sincd hasn +n; +1 = N + 2 elements.

The proof that this is the minimal test set size is given inifQh As for Masking
MC/DC, we have the following property:
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TaeEOREM 2 Masking M@DC on a decision with n independent conditions requires a
minimum of RUT W2« S QRTn)) tests, where RUTW stands for round up to whole.

The proof of this property is given in [ChiO1] as well.

The formal definitions of Masking MC also allows to identify interesting properties
when only short circuit operators are used. The followingptlem tells us that, with
short circuit operators, determining Masking XD is as simple as for Unique Cause,
and that no reasoning on the logical structure of the datisioeeded:

Treorem 3 If a decision Dec contains only short-circuit operators, $kang M@DC is
reached for a condition C if and only if there exists a pair vékiation (el, e2) such
that Dec[el]= not Dec[e2], and C is the rightmost condition that is evakdto True
and False in el and e2.

The order here is the order of conditions in the decisionesgion; e.g. infand then B) or elseC,
the order is A, B, C.

This theorem can be re-formulated in terms of influence frassin the following
lemma:

Lemma 1.2.1 If the root node of an influence tree is colored with True, diictiontains
only short-circuit operators, then its influence set consaonly the rightmost True-
colored condition.

This lemma can be proven by structural induction:

e if D ::=C (simple condition decision):
the root of D’s influence tree is C, so if it is colored with Trilnen it follows that
the influence setis { C }.

e if D ;= not D1, supposing that the property holds for D1:

The root of D’s influence tree is colored with True if and orflyhie root of D1’s

influence tree is colored with True as well: The former is eagdd to two dif-

ferent values (say: True, then False) if and only if the fagesvaluated to two
different values (False, then True). Therefore, D1’s influeateantains only the
rightmost True-colored condition in D1’s influence tree,iethalso is the right-
most True-colored condition in D’s influence tree. This atind is the only one
to have a path of True-colored nodes to root in D1’s influenee, tby definition
of the influence set; as a consequence, it is also the onlyiteamtb have such
path to root in D’s influence tree. So the rightmost True-tadocondition in D’s
influence tree is the only condition in its influence set.
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e if D::=DL % DR, % being a short-circuit operator, and supposing that the-prop
erty holds for DL and DR:

Let us define the boolean constant SC as follow:
If xisand then, let SC be False;
if xisor else, let SC be True.

Then there are three possible evaluations for DL, DR, D:

Eval name| DL DR D
el not SC | not SC | not SC
e2 not SC SC SC
e3 SC X SC

If the root of D’s influence tree is colored with True, thenrhere only two
possible pairs of evaluations:

— (el, e2): in this case, DR is colored with True and DL is cadosgth False;
using the induction hypothesis, we know that DR’s influemee will have
only one condition with a True-colored path to DR'’s root, @edsequently
to D’s root in D’s influence tree : that will be the rightmostu&rcolored
condition in DR, and obviously in D. No conditions in DL haveTeue-
colored path to D’s root, since DR’s root node is colored #lise ; so the
influence set contains only the rightmost True-colored ¢and

— (el, e3): in e3, DR is not evaluated, which means that noné&afades
are evaluated. This means that all of them are colored witbeFa DR’s
influence tree, and that no conditions of DR are colored wiileTin D’s
influence tree. Thus, the rightmost True-colored conditdl is in DL.
By induction hypothesis, it is the only element of DL’s infhee set; it is
therefore the only condition to have a True-colored pathlts Bbot node,
and to D’s root node. So this is the only element in D’s influeset.

The theorem has now been demonstrated in all cases.

1.2.2 OBC
Applicants for DO-178 certification have sometimes propoge use of object code
coverage instead of source code coverage as a metric téyshdsobjectives of DO-

178. The proposed approach involves measuring eitheuutgin coverage or branch
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coverage. Object instruction coverage (OIC) requiresszasg whether all object in-
structions are executed at least once; object branch qpé@BC) in addition requires
that all conditional branches be exercised for both dioasti(branch and fall through).
The use of object code coverage has also been proposed as@a eoge with untrace-
able object code. Section 6.4.4.2 of DO-178 indeed stalég structural coverage
analysis may be performed on the Source Code, unless theasefievel is A and the
compiler generates object code that is not directly tradead Source Code statements.
Then, additional verification should be performed on thesobgode to establish the
correctness of such generated code sequences

Untraceable object code is compiler generated machinetbatlénpacts the execution
control flow in a way not directly visible from source code. Arample is the Ada

mod operator, which requires an implicit conditional brancldistinguish between pos-
itive and negative moduli. Achieving a certain source cagerlevel is not indicative of

coverage of untraceable code: even a comprehensive testmgaign (from a source
coverage point of view) may not assure all object code isueelc The untraceable ob-
ject code is nevertheless present in the application andeadyto unintended behaviour
not verified during the testing process.

Measuring object code coverage may be a way to ensure evaceable code is exe-
cuted during the requirement-driven testing campaign. él@y CAST paper 12 [CAS02]
suggests the use ofteaceability studyto satisfy the additional verification activities on
untraceable object code for level A software: a tracegbditidy provides evidence
that, in a given context (coding standard, compiler, coatjmh switches), the compiler
either generates traceable code or the untraceable codeesic— i.e. it correctly im-
plements the requirements expressed by the specificatidhe chosen programming
language.

The issue raised by section 6.4.4.2 of DO-178, and in gettezaquivalence of source
and object coverage, is considered in both FAQ 42 of DO-248BJ01] (Can struc-
tural coverage be demonstrated by analyzing the object d¢oskead of the source
code?) and CAST paper 17/ Structural Coverage of Object Codissued by the Federal
Aviation Administration [CAS03].

Both documents assert that object code coverage can sis$tit source code cover-
ageas long as analysis can be provided which demonstrateslieatdverage analysis
conducted at the object code will be equivalent to the samerage analysis at the
source code leveln the following section, we provide a precise analysishef tcondi-
tions under which the OBC and MBC properties imply each other, for a given set of
test cases. It should be noted that such an equivalenceeampily in the context of a
given code generator and coding guidelinesfedent code generation algorithms may
produce object code whose OBC status t&edent for the same set of inputs achieving
a given source coverage objective.



1.2.3 BDDBC

As stated earlier, Binary Decision Diagrams are good attstras to compare the two
criteria that we are considering; this section will justifiys choice. It will also introduce
a new structural coverage criterion, nandary Decision Diagram Branch Coverage
that relates naturally to OBC.

A Binary Decision Diagrams is a standard data structuredhate used to represent a
decision; a formal definition, along with a set of associalkpbrithms and properties,
can be found in [Bry86]. In a nutshell, BDDs can be described airected acyclic
graph; each node is mapped to one condition, and leaf nodesitgsome True or False;
two edges labeled True and False link each condition to itdreim nodes ; those chil-
dren nodes are either a decision outcome or the next condiievaluate, and are
executed if the father condition takes the value labelechercorresponding edge. Let
us illustrate that on our decisioA@nd then B) or else C; one of its BDD is shown
on figure 1(e).

One key property of BDDs is that they have a reduced form (@maphic subgraph, no
trivial node), and that this reduced form is canonical (ueigfor a particular decision.
For instance, figure 1(e) is a reduced ordered BDD.

Now we can define BDDBC as follow:

DermnitioN 3 Given a decision D, a set of truth vectors satisfies BDDBCaeafdbrre-
sponding set of paths through its reduced ordered BDD caakexiges of the BDD.

One can now understand how this relates to OBC. For eachipadiges that exits from

a condition node, the compiler will generate a branch that oramay not be taken,

depending on the value of the corresponding condition; po#sibilities (taking it, not

taking it) maps to one edge of the pair. If OBC is reached, theth edges should be
taken, and consequently all edges of the BDD. In other wad&C implies BDDBC.

This assumes that the compiler will generate one branchgpetitton for each decision.
In the context of GuverTurg, an compilation option -fpreserve-control-flow is prowide
that enforces this property; this allows a straight-foldvaomparizon between OBC
and BDDBC. In the following, we specifically assume when dssing object branch
coverage of the object code, that we can instead reasorgsuniéicated explicitly, on
BDD branch coverage of the corresponding (RO)BDD.
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2 Characterization of cases of BDDBC — MEDC equiv-
alence

This section discusses the distinction between expressmrnwhich BDDBC of the
associated ROBDD implies MDC, and expressions for which no such implication
holds.

2.1 Some cases of non equivalence between OBC and jbC

First let us have a look at how MDC and object coverage relate to each other on
some simple cases. Cases of non-equivalence for decisitimgputo 5 conditions have
been studied in [FAAQ7]: non-equivalence cases have besmrsto occur in decisions
with three or more conditions, and an illustration is pr@ddvith (Aand then B) or
else C, where A, B and C are three independent conditions. A reptaton of this
decision’s BDD is depicted on figure 1(e).

- —
memil;
i —— | T&TJ
m-mE
TJ TJ [ CY ]
T T+ fF T T+ fF

(e) ®
Figure 1. Example decision BDDs
From this representation, we can see that a set of threeag\als can achieve branch

coverage of the whole BDD, corresponding to the three \arpaths in figure 1(e).
These evaluations are:

A|B|C| (Aand thenB)or elseC
T|T T
TIF|T T
FIx|F F
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where “X” means not evaluated and thus can befad@ntly True or False. Now, indeed,
even though all the BDD edges are covered, /MIC is not met. In particular, the
independentf@ect of conditions B on the decision is not shown in the case asihg
MC/DC, and the independentffect of both B and C are not shown in the case of Unique
Cause. Sinca+ 1 tests are needed to cover a decision witlonditions with respect to
Unigue Cause MC, 3 evaluations cannot cover a three-condition decigwasking
MC/DC requires a minimum of 4 evaluations as well in this paftéicaase.

It turns out that this particular case can be generalizedjuite spectacular counterex-
ample: there exists classes of decisions with an arbitngtyfumber of conditions that
can be branch covered by just three evaluations; the preexample was one element
of this class with 3 conditions.

Consider the following s€¢Dn}nen Of decisions:

¢ let Dg be a simple condition decision; by convention, we will €&jlits condition;
e let us defineDy, for anyn > 0, as follows:

Dn = (Dpn-1 and then C;)) or else Cf
C;, andC/, being independent from each other and from any conditiddyin .

In other words:

Do =Co
e D; =(Cp and thenC/)or elseC/

e D;=(((Co and thenC))or else CY)
and then C)) or else CJ

e D3=(((((Co and thenC})or else C})

and then C)) or else CY)
and then C}) or else CJ

Figure 1(f) shows the BDD foD,, where it is visible that all the edges can be covered
by three evaluation paths which only demonstrate the inu#pa éfect of Co:
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Co|C;|C/|Cy|Cy | D2

T T X
F| T F| T
X X F

We can thus build a decisidD, with an arbitrary number of conditions, that can be
BDD branch covered by just three evaluation paths. As Unaigse MZDC can only
be achieved with a minimal number of 1 evaluations, and Masking MBC with

a minimal number oORUTW2 = S QRTN)) tests, this is a striking case where BDD
branch coverage (and consequently OBC) is far from beingalgunt to MGDC.

We can now adopt a more general perspective and characteoizeprecisely the dif-
ference between these two criteria.

2.2 Construction of the ROBDD

The BDD we associate with a decision is constructed usingdhewing recursive
procedure:

Build_BDD.Condition The BDD for a decision consisting in a single condition C has
the node "test C" as its entry point, the label True is assiga¢he branch corre-
sponding to "C is True", and the label False is assigned tortaech correspond-
ing to "C is False".

Build_BDD.NOT The BDD fornot(D) is the BDD for D where the labels of the exit
edges have been swapped.

Build_BDD.Short_Circuit_Operator This rule defines how the BDD foD(L) x (DR)
IS constructed for any short-circuit operasar

If xisand then, let SC be False;
if x isor else, let SC be True.

Let BL be the BDD for DL, and BR the BDD for DR.
Then B, the BDD for D is obtained by combining BL and BR as fako

¢ the entry point is that of BL
¢ the exit edge labeled SC of BL is an exit edge labeled SC of B
¢ the other exit edge of BL connects to the entry point of BR
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e the exit edges of BR are exit edges of B with the same labels

The following invariants of ROBDDs follow from the consttian process:

e There is exactly one BDD node for each condition.

¢ All condition nodes are reachable (i.e. there is a path fieenentry point to any
node in the BDD).

e There are no cycles in the BDD.

e Both outcomes are reachable (i.e. there is a path from thrg paint to an exit
edge labeled True and to an exit edge labeled False).

This algorithm is formally described in Alloy, ibuild_bdd.als. Given a decision D,
we will now call BDD(D) its (RO)BDD as built by this recursiy@ocedure.

2.3 Node ordering

For a decision D and a condition C in D, let us call index(D /@& positive number built
by the following recursive procedure:

Build_BDD_Order.Condition The sub-decision is a single condition decision, it is of
the form:
D:=C
then index(D,Ck 1

Build_BDD_Order.NOT The sub-decision is of the form:
D:=not D1
then for each condition C in D, index(D,&)index(D1,C)

Build_BDD_Order.Short_Circuit_Operator The sub-decision is of the form:
D:=DL x DR
then, for each condition C in D:

e ifCisinDL, indeXD,C) =indeXDL,C)
e ifCisinDR,indeXD,C) =indeXDR,C) +#condDL)
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This builds a total order over the conditions of a decisibis & general result for such
a reduced order BDD that the reflexive transitive closurengsfia total order over its
nodes; this order is the same as the one we just defined. Itlsarb@ demonstrated
easily, by structural induction, that this order is the orafeconditions in the decision’s
expression.

For a decision D, we will caltoot(D) androot(BDD(D)) the unique node with index 1.
This node is indeed the root node of the BDD.

2.4 Evaluation of a decision

Given the transformation of a decision into its ROBDD, ewadilug the decision consists
in computing its value using the following BDD traversal pedure:

Eval.Condition The value of a decision that consists in a lone conditionas/#lue of
the condition.

Eval.Not To evaluatemot(D), evaluate D and take the opposite value

Eval.Short_Circuit_Operator To evaluateD1)x (D2), evaluate D1. ID1=SCthen
the value is SC, else evaluate D2, and the value is that of D2.

This algorithm is modeled idecision_evaluations.als The following property
holds:

Evals_Are_Paths Evaluating a decision is equivalent to traversing the BDI2Jgating
each condition as BDD nodes are traversed, and using thedatiee exit edge
as the value of the decision.

This property, and most properties that we’ll discuss hengroved by induction on the
structure of the decision. For each case of the BDD_Buildgdare (Build_BDD.Condition,
Build_BDD.Not, Build_BDD.Short_Circuit_Operator), welllassume that the the prop-
erty holds for the parameters and prove that the build stepepves the property. A
formal model for this proof can be found inld_dec_evaluations.als.

Note that the practical implementation of coverage anslggstems based on control
flow traces relies on the assumption that the code genersgorto produce executable
code from expressions actually implements this evaluaitegy.
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2.5 Equivalence case

We now consider the case of an expression whose BDD is a teeefor each BDD
node there is exactly one path from the entry point to thaendthe following property
holds:

BDDBC_Tree_Indep_Implies_ MCDC For a BDD tree, if conditions are independent,
then BDD branch coverage implies Unique Cause/MCand Masking M¢DC.

Let’'s consider a condition C. Since we have BDD branch cayerall possible paths
starting at C have been taken (by recurrence on path length).

From the independent outcome reachability property, we Ihao paths starting at C,
beginning each with one edge from C, and ending on the twamauts of the decision.
Let’s call them PCT and PCF.

These paths are disjoint: any condition appearing in on@tsewaluated in the other
(because of the BDD is a tree).

These two paths are parts of paths PT and PF from the BDD eainy {@ either out-
come, and they cannotfter on the part of the path from the entry point to C.

So, PT and PF dier in C, in no other condition before C, and in no other nonkeds
condition after C, so they prove independent influence of € twve decision.

This holds for each condition in the decision, so Unique @aM&/DC is proved; and
since Unique Cause is stronger than Masking/PIC, Masking M@DC is proved as
well.

This property and the non-equivalence case that followoidated irbdd_coverage.als.

2.6 Non-equivalence case

The general idea of this proof is to show that, if a BDD is noteet we can build a
set of evaluations that covers the BDD branches in such ahedytiere is at least one
condition for which M@DC is not met.

If we want to have a proof that will work for any definition of MGC, we cannot

rely on a failure of the independence criteti@jndependently flectmeans something
different in Unique Cause MODC or in Masking MGDC. So we should rather rely, if it
is possible, on the set of properties that these criteria ragommon; a sort ajreatest

common divisopof the two criteria. Let us define this Weak MUC criteria as follow:
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e every possible outcome of the decision has been tried,;
e each condition in the decision has taken on every possilitome;

e each condition in the decision is shown toegt the outcome of the decision.

The only diference with MEZDC here is that Weak MC does not care if the condi-
tion independentlaffects the outcome of the decision; whatewelependentlyneans.
Weak M@DC is weaker than any other MBOC criteria. So, if a set of evaluations does
not satisfy Weak MZDC, it won't satisfy Unique Cause MOC or Masking MQDC.

The formal definition would be:

DermnitioN 4 Given a decision D, a pair of truth vectors satisfies Weak/DA@CZfor a
condition c if and only if, in their influence tree, the nodenddhe root node are both
colored in True.

A test set satisfies Weak NI for a decision D if, and only if, for each condition in
cond(D), there exists a pair of tests in the test set thasBat Weak MOC.

It turns out that we can build a set of evaluations such thaDBO is reached, but not
MC/DC, when the BDD is not a tree. Let’s take the canonical exampl

(Aand then B)or elseC

and these evaluations:

A|B|C| (Aand thenB)or elseC
T|T T
TIF|T T
F| X F

This set covers this decision for BDDBC. However, this doesmeet Weak M{DC;
whenever B is evaluated, the decision outcome is True. Socdmnot show that B
affects the outcome of the decision.

Let us give a general idea of how we would prove that in the geruase. First, re-
member that we are dealing with reduced ordered BDDs; somaaf can be ordered.
This property allows us to have a proper concept of “last ipath node” and its “last
parent”. In our example, the last multipath node would be<Jaist parent B.
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Now, we would show that the last parent of the last multipattenhas an interesting
property: one of its exit edge is always connected directit outcome (for B, itis out-

come True). Its other exit edge being connected to the lakipath node (obviously), it

is possible to cover this edge in such a way that the outcortteeaforresponding eval-
uation is the same as the “direct outcome”; e.g. when evaly& to False, we would

evaluate C to True and exit on True. We know that this is p¢essibing the property

that, from each node of the BDD (and, in this case, the muhipade C), there exists
at least one evaluation that reaches outcome True and ableashat reach outcome
False.

This means that we can cover all exit and incoming edges dbstgarent of the last
multipath node in such a way that the evaluatiahsaysexit on the same outcome;
and, from the property of its exit edges, we can see that #tisfsevaluations can be
completed to reach BDDB@ithout evaluating this node anymore€his builds a BDD
coverage that does not satisfy Weak NdC for this node.

The following sections will detail this proof.

2.6.1 Last multipath node

We have previously built a function index(D,C) that defindalhorder over the nodes
of a (RO)BDD. Based on this function, we can define the foltfayentities:

e in a BDD, let the last node be the node with the greatest index;
¢ let a multipath node be a node with more than one parent;

e let the last multipath node of a decision be the multipathenwith the greatest
index;

¢ |let the last parent of a node be the parent with the greatéekin
Some examples from our canonical c&se= (A and then B)or else C:

e index(D,A)= 1, index(D,B)= 2, index(D,C)= 3;
¢ the last multipath node is C; it is also the last node;
¢ the last parent of C is B.

We have the following properties:
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Lemma 2.6.1 The two exit edges of the last node are connected to bothmeto

Lemma 2.6.2 If a BDD is not a tree, then the last parent of the last multipadde has
an exit edge that is directly connected to an outcome.

This outcome will be called the direct outcome (of the lagptawént of the last multipath
node). The edge connected to the the direct outcome will llEdhe direct exit edge.

This can be seen in our example:

e the last node being C, its exit edges are connected direciiyue and False;

¢ the last parent of the last multipath node being B; when itrigeT the outcome
True is reached.

The two properties can be proved by structural inductionnenBDD. The first is the
easiest one and we will keep it as an exercise for the rea@ee isla proof of the second
one:

e if D ::= C (simple condition decision):
the BDD is a tree, so the property is trivially true in thiseas

e if D::= not D1:
if D1 is atree, D is also a tree, the propery is trivial as wilit is not, well, only
outcome labels are filerent between BDD(D) and BDD(D1), so the property
holds for D if it holds for D1.

e if D::=DL % DR, supposing that the property holds for DL and DR; four cases
then:

— If both BDD(DL) and BDD(DR) were trees, and no multipath nedeere
introduced by building BDD(D) from them: then BDD(D) is adrehe prop-
erty is trivial.

— If DR contains a multipath node: then the last multipath noide is the last
multipath node in DR. By construction, BDD(DR) is a sub-to¢&DD(D),
the exit edges of the last multipath node are the same in BER)@hd in
BDD(D). So if the property holds for DR, it holds for D.
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— If DR contains no multipath nodes, and if building BDD(D)ind3DD(DR)
and BDD(DL) introduces a new one: this new multipath node tioalse
root(DR), as only this node has gained new incoming edgeBuiicl_BDD,
the exit edges of BDD(DR) labeled “not SC” are connected tdBDL)’s
root. Therefore, its parent nodes are all in cond(DL). And ldsst node
of BDD(DL) is one of these parent nodes; by property 2.6.hag an exit
edge to “not SC” in BDD(DL). Its other exit edge will remain ehranged
in BDD(D) and will be connected to an outcome (“SC”). Thistlasede of
BDD(DL) is also the last parent of this multipath node, as tleeo nodes
in cond(DL) have a greater index. And (finally), this intreéd multipath
node is D’s last multipath node, as DR contains none (initigdothesis).
So we have identified the last parent of the last multipatrersoti showed
that one of its exit edges is connected to an outcome in BD{iay's the
property that we were trying to prove.

— If DR contains is a tree, and if no multipath nodes were intictl when
building BDD(D), but if DL contains one: the last multipatiode in D is
the same node as the last multipath node in DL. The last pafeéhe last
multipath node in DL has an exit edge that connects to SC;rwike, it
would be connected to BDD(DR)’s root when building BDD(Dpdaas the
last node would also be connected to this root node (it als@haxit edge
to SC in DR, as a consequence of property 2.6.1), BDD(DR)x% would
have at least two fathers in D, which contradicts the hypo#tlat no mul-
tipath nodes were introduced. So this exit edges of the &sin of the last
multipath node in DL (and D) will still be connected to an cutee after
building D. So the property is true in this case as well.

The property 2.6.2 has now been established in all possasiesc This proof will actu-
ally be quite useful as its structure will be used to build @erage that satisfies BDDBC
but not Weak M@ZDC.

2.6.2 Path though BDDs - Conventions

Some conventions first to help us manipulate paths through:BD

e For two paths pl, pr into two dlierent BDDs, concat(pl, pr) is the concatenation
of these two paths obtained by replacing the outcome of pheyitst node in pr.

e For two set of paths PL, PR through twdfdrent BDDs, merge(PL, PR) is the
set built by doing an arbitrary mapping of each element ofdedch element of
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PR, and concatenating each pair; as these two sets may mottteasame number
of elements, all the remaining elements of the greatest Widievmapped to one
arbitrary element of the smallest set.

e For any set of paths PS through a BDD (each going from the roderno an
outcome), let us call path_to(True, PS) the subset of patthing outcome True,
and path_to(False, PS) the subset reaching False. We heawb\tous property:

PS = path to(T rue PS) + path to(False PS)

2.6.3 Building a BDD branch coverage that does not verify WdaMC /DC

For a given decision D, our coverage will be ensured by theruaf three sets of paths
Short_Circuit_LPLMN(D), Long_Circuit_LPLMN(D) and LPLM_Not_Evaluated(D),
which verifies the following set-specific invariants:

Short_Circuit_ LPLMN_Invariant |f BDD(D) is a tree, Short_Circuit_ LPLMN(D) is
empty; otherwise, it contains a non-empty set of paths, eaabhing the last
parent of the last multipath node and then exiting on itsafioetcome.

Long_Circuit_ LPLMN_Invariant If BDD(D) is a tree, Long_Circuit_LPLMN(D) is
empty; otherwise, it contains a non-empty set of paths, eaabhing the last
parent of the last multipath node, then going to the lastipatlhh node, and then
reaching the same outcome as Short_Circuit_LPLMN(D).

LPLMN_Not_Evaluated_Invariant No pathin LPLMN_Not_Evaluated(D) evaluates
the last parent of the last multipath node.

...plus one other “global” invariants:

BDDBC_Coverage_Invariant The union of these three sets covers each edges of the
considered BDD.

As a consequence of this last invariant, we will now call BDDECoverage the union
of these three sets:

BDDBC _CoveragéD) = S hort Circuit_LPLMN(D)
+ Long Circuit_LPLMN(D)
+LPLMN_Not EvaluatedD)
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Note also that an other property falls naturally from LPLM¥ot Evaluated_Invariant
and BDDBC_Coverage_Invariant:

Incoming_Edges The union of Long_ Circuit_LPLMN and Short_Circuit_LPLMMN-
ers all incoming edges of the last parent of the last mutipaide.

Anyway, here is the definition, case by case, of a recursiiid puocedure that builds
such sets from a decision D. As always when doing a structodalction, it assumes
that all its sub-decisions have such sets verifying thegigants (not considering D as
a sub-decision of D, obviously; “strict” sub-decisions):

Build_BDD_Cov.Condition The sub-decision is a single condition decision, it is of
the form:
D:=C
In this case:
Short Circuit_LPLMN(D) = Long Circuit LPLMN(D) = {}
LPLMN_Not EvaluatedD) = {C— > True C— > Falsg

Build_BDD_Cov.NOT The sub-decision is of the form:
D:= not D1

Then Short_Circuit_LPLMN(D) is built by switching the outme of each path
contained in Short_Circuit_ LPLMN(D1). Same operationdfong_Circuit_ LPLMN(D)
and No_LPLMN(D).

Build_BDD_Cov.Short_Circuit_Operator The sub-decision is of the form:
D:=DLxDR

Four sub-cases:

e No multipath nodes:
No multipath nodes in BDD(DL) and BDD(DR), and none wereonticed
by building BDD(D) from them. Then:

S hort Circuit_LPLMN(D) = {}
Long Circuit LPLMN(D) = {}
LPLMN_Not EvaluatedD) = path to(SCBDDBC_Coverag¢DL))
+ mergépath to(notS CBDDBC CoveragéDL)),
BDDBC CoveragéDR))

21



e Multipath node in DR:
i.e. Short_Circuit_LPLMN(DR) and Long_Circuit_LPLMN(DRontain
at least one element each. Let p_dl be an arbitrary path to S@J in
BDD(DL), taken from BDDBC_Coverage(DL). In BDD(D), it casponds
to a path to root(DR). Then:

Short Circuit_LPLMN(D) = mergd{p_dl},S hort Circuit_LPLMN(DR))
Long Circuit_ LPLMN(D) = mergé€{p_dl},Long Circuit LPLMN(DR))
LPLMN_Not EvaluatedD) = path to(SCBDDBC _Coverag¢DL))
+ mergdpath to(notS CBDDBC Coveragé¢DL)),
LPLMN_Not EvaluatedDR))

e Last Multipath node introduced:
i.e. BDD(DR) is a tree and a multipath node has been created Wwhilding
BDD(D). In this case:

— Short Circuit_LPLMN(DR) = Long Circuit_LPLMN(DR) = {}

— the last multipath node in D is root(DR).
Let SC_DL be the subset of paths in path_to(SC, BDDBC_Caoefil))
that evaluates the last node in BDD(DL). Similarly, let LAL Be the subset
of paths in path_to(not SC, BDDBC_Coverage(DL) that evasidhe last
node in BDD(DL); in BDD(D), this one corresponds to a pathdot(DR).
LetREST DL =BDDBC CoveragéDL)—-(SC DL+ LC_DL) be the sub-

set of paths in BDDBC_Coverage(DL) that do not evaluates|dst node.
Let sc_dr be an arbitrary path in DR exiting on SC.

Then the coverage for BDD(D) is built as follows:

Short Circuit_LPLMN(D) =SC DL
Long Circuit_ LPLMN(D) = mergéLC_DL,{sc dr})
LPLMN_Not EvaluatedD) = path to(SCRESTDL)
+ mergépath to(notSQ,RES T DL),
BDDBC CoveragéDR))

(Note that we are allowed to merge path_to(not SC, REST_[2cabse it
is non-empty; there is at least one other node that has aedyé directly
connected to “not SC” in BDD(DL), otherwise no multipath eodould
have been created; so it must have at least one path that doesaluate
the last node in BDD(DL); that property gives us the right $e the merge
operation. Same thing for LC_DL and SC_DL that are both noiptg
thanks to property 2.6.1).
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e Multipath node in DL only:

i.e. BDD(DR) is a tree, no new multipath nodes introducednvheilding

BDD(D), but at least one multipath node in BDD(DL). The lastgnt of
the last multipath node in DL has its “direct” exit edge thahoects to SC;
otherwise, it would have been connected to BDD(DR)’s roo¢mhuilding
BDD(D), and as the last node would also be connected to tlosmode
(it also has an exit edge to SC in DR, as a consequence of pydhérl),

BDD(DR)’s root would have at least two fathers in D, which tradicts
the hypothesis that no multipath nodes were introduced. stetir be an
arbitrary path in DR exiting on SC. Then the coverage for BDPI§ built

as follows:

Short Circuit_LPLMN(D) = S hort Circuit_ LPLMN(DL)
Long Circuit_LPLMN(D) = mergéLong Circuit_ LPLMN(DL),{sc dr})
LPLMN_Not EvaluatedD) = path to(SCLPLMN_Not EvaluatedDL))
+ mergépath to(notS CLPLMN_Not_EvaluatedDL),
BDDBC _CoveragéDR))

Our sets are now defined in all possible cases. Itis quiteteasyeck that Short_Circuit_ LPLMN_Invariant,
Long_Circuit_LPLMN_Invariant, LPLMN_Not_Evaluated i@riantand BDDBC_Coverage_Invariant
are enforced by this build procedure; each one falls so aislydrom the construction

(in every case) that it will be quite painful to elaborate.

So we can build a BDD coverage in such a way that, if there is kipath node in the
BDD, then the decision will have the same outcome for anyuatain where the last
parent of the last multipath node is evaluated. This meaatsiis BDD coverage does
not imply Weak M@DC,; that which was to be demonstrated.

2.7 Conclusion

We have therefore proved the following property:

TueoreEM 4 Given a decision D, branch coverage of the BDD implies/MCif, and
only if, this BDD is a tree(i.e. no node of the BDD is reachathie®ugh more that one
path from the root).

Intuitively, BDDBC is a local property of BDD traversals€i. of evaluations of the
decision): it is evaluated individually for each BDD noddatheut respect to how the
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BDD node was reached. In contrast, NDT is a non-local property, since it involves
the complete path through the BDD. To establish independéanence of condition C,
it is necessary to study what happens for two values of C hegii diferent outcomes,
with all other conditions fixed or masked

3 A second characterization of the equivalence case

In this section we provide an alternative (equivalent) proypthat characterizes cases
where BDD branch coverage implies MIC:

Traeorem 5 Given a decision D, BDD branch coverage implies MC if, and only if,
when considering the negation normal form D’ of D, for evairig-slecision E of D’, all
binary operators in the left-hand-side operand of E, if aarg of the same kind as E’s
operator.

The negative normal form is obtained by rewriting the expi@s using De Morgan’s
laws so that negations apply only to atomic conditions (astdaxmore complex subex-
pressions).

We prove this theorem by showing that this alternative attar&zation is equivalent to
having no multipath nodes in the associated BDD. Theorenti@xe by application of
Theorem 4.

Let’s consider a decision D and its BDD.
Proof of the simplified case:

Consider first the case where decision D does not contain eggtion. Each node in
the BDD corresponds to a sub-decision D’ in D (i.e. the rootath sub-decision is a
node in D’'s BDD).
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Proof of reverse implication (simplified case):

Let’s call NF(D) the number of paths from the root of decisidto False (F) and NT(D)
the number of paths from the root of decision D to True (T). Wenthave three cases:

case 1:D = A (atom)
NF(D)=NT(D) =1

case 2.D =DL or else DR

BDD(D) is constructed from BDD(DL) and BDD(DR). It is showmfrigure 2(a). Then:
NF(D) = NF(DL) « NF(DR)

NT(D) =NT(DL)+NF(DL) «NT(DR)

case 3.D = DL and then DR

BDD(D) is constructed from BDD(DL) and BDD(DR). It is showmkigure 2(b). Then:
NF(D) = NF(DL) + NT(DL) * NF(DR)

NT(D) =NT(DL)*NT(DR)

Lemma 3.0.1 For every decision D, Nf) > 1and NT(D) > 1.
If D is of the formor elsethen NTD) > 2.
If D is of the formand thenthen NKD) > 2.

Lemma 3.0.2 NF and NT are monotonic functions, i.e. if D' is a sub-decisad D,
then we have N@®’) < NF(D) and NT(D”) < NT(D).

Proofs of Lemmas 3.0.1 and 3.0.2 are on structural inductiothe form of decisions,
based on the three cases distinguished above.

Then, suppose that a decision D of the foaml then contains a sub-decision D’ of
the formor else on the left-hand side. If DL, DR are the two sub-decisionshahat
D =DL and then DR, then D’ is also a sub-decision of DL.

By Lemma 3.0.1, we know thiMT(D’) > 2. By Lemma 3.0.2, we know th&tT(DL) >
NT(D’).

Then, in BDD(D), the paths reaching the DR’s root node arecthkdhose paths in
BDD(DL) reaching True, by construction; the number of thpaths is NT(DL).

Thus, DR’s root node in the BDD(DL) is reachable by more thae path. As a conse-
qguence, there is a multipath node in this BDD.

Similarly, if a decision D of the fornor else contains a sub-decision D’ of the form
and then on the left-hand side, we can exhibit a node in the BDD(D) ihatachable
by more than one path.

25



By contraposition, if the BDD associated to a decision D iseg,tthen D has nor
else sub-decision on the left of itand then sub-decisions, and nand then sub-
decision to the left of iter else sub-decision.

Proof of implication (simplified case):

Now suppose that for every sub-decision in decision D, th@feerand of arand then
sub-decision contains onind then sub-decisions and the left operand oflanelse
sub-decision contains onbr else sub-decisions.

Lemma 3.0.3 If E contains onlyor else sub-decisions then NE) = 1. If E contains
only and then sub-decisions then NE) = 1.

Proof of Lemma 3.0.3 is on structural induction on the forndle€isions, based on the
3 cases distinguished above.

By structural induction on the depth of the BDD, we can shoat there cannot be any
multipath node in the BDD associated to D, which proves thatdesired implication
holds.

Proof of the general case:

In the general case, decision D may contagt sub-decisions. Then, consider D’
the negation normal form of D. Since D and D’ are representethb same BDD,
Theorem 5 follows.

4 Coupled conditions

Handling of coupled conditions is a well-known problem toae has to face when
considering M@DC, and in particular Unique Cause. It may be stated as follow

DeriniTioN 5 Two or more conditions are said to be coupled if changing an&ldion
can cause the other condition(s) to change.

Conditions are said to be strongly coupled if changing orveagis changes the others.
At the contrary, they are said to be weakly coupled if chaggine sometimes (but not
always) changes the others.
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In [VB02], it is proved that strongly coupled conditions q@&rs of conditions that are
either equal, or complimentary. In other words, if A and B str®ngly coupled, then
eitherA=BorA=not B

Without short-circuit operators, decisions with couploannot be covered for Unique
Cause M@DC; Masking M@DC has been defined to solve this problem. When proving
Masking M@DC for a condition C, one may exhibit a pair of evaluation theie diter-

ent values for other conditions, as long as it can be showa dtguctural analysis of the
decision, that changing these other conditions had no méiien the result. Typically,
for a decisionA and S UBDEC(S UBDEChbeing a sub-decisiod being a condition),
any evaluation that se&UBDECto True ensures that only the value of A impacts the
value of the decision. e.g. BUBDEC::= (B or C), the following evaluation pairs
proves Masking MZDC, but not Unique Cause MDC.:

B | C| SUBDEC:=BorC | A and SUBDEC
TIF|T T T
T|F T F

B and C change, so Unique Cause NAC is not reached; but SUBDEC is kept to True,
so Masking M@DC is reached. So if C and A were strongly coupléd=(C), we would
still be able to cover this decision for Masking MGC; but we would not be able to
reach Unique Cause.

When using only short-circuit operators, one may wonddnefproblem still holds. It
can be seen that the previous example is covered for UniqueeQdGDC when the
operators are short-circuit; in this case, the evaluatwas

B | C| Aand then (Bor elseC)
TIF|T T

X | X F

So there are some cases of coupling that are not problemdtie icase of short-circuit
operator; short-circuits seem ter some sort of masking by avoiding to evaluate some
sub-decisions. The question would now be: can we show sosesad coupling for
which Unique Cause may not be reached even with short-tioperators? Would
these cases show up in real life, or would they be dummy dedhat may be trivially
simplified (e.g.A and then A)?
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The following sections sched some light on these problerst, Masking MGDC is
characterized in terms of BDD, in order to make use of theltethat have been demon-
strated in the previous sections. This characterizationavihen allow to comment on
coupling in the context of short-circuit operators.

4.1 MC/DC interms of BDD
4.1.1 Unique Cause M@DC

TueEorREM 6 Given a decision D, a pair of evaluations of D satisfies Uniqlese
MC/DC for a condition C if and only if:

e both reach C using the same path through BDD(D);

e their paths from C exits on two ferent outcomes and do not cross each other (C
excluded).

Let us first prove that this characterization implies Unigieuse MZDC as defined
previously.

Both evaluations reach C using the same path; this impligsath conditions that are
before C are either not evaluated by any of the two evalustionthat they have the
same value. In both cases, they are colored with False imthence tree.

After C, their paths through the BDD do not cross each oth@sg neans that they
evaluate C to both values, otherwise they would have at tgasedge in common. C
is evaluated to True and False, which means that it is colergdTrue in the influence
tree.

An other consequence of this hypothesis is that all conutefter C are not evaluated
in at least one of the two paths; a condition that would beuatald on both paths
would be a meeting point of the two paths, which would conttatie hypothesis. This
means that any condition after C is colored with False as,diyition, anything xor
Not_Evaluated gives False.

So, of all conditions, only C is colored with True. As the twatlps exits on two dierent
outcomes, the root node of the influence tree is colored witle &s well. We now have
these general properties of influence trees:

Lemma 4.1.1 If the root node of an influence tree is colored with True, tiiemfluence
set is not empty.

28



If the root node of an influence tree is colored with True, d@nehiy one condition c is
colored with True, then the corresponding influence set}is {c

This lemma can be proved by induction on the structure of &ubey the first property
is easier to prove and comes in handy to prove the secondrpyo¥e will not detail
these proofs here as theffer no technical diiculty.

Applying the second property to our case, we can now provethieainfluence set of
our decision is the singleton {C} ; so the two evaluationssfgtMasking MGDC. As
all other conditions are colored with False in the influenmee tUnique Cause MOC
IS satisfied.

To demonstrate the other side of the equivalence, let usressiiat one of the two
properties on the BDD is violated and let us show that Unigaeseé M@DC cannot be
achieved.

If the two paths are not identical before the considered itmmd they start from the
same node (the root of the BDD) and ends up on the same noded@)means that
there exists at least one node from which those paths diyehizas a general property
of paths through graphs). This node takes therefore twerént values in the two
evaluations; so it is colored with True in the influence trias the second condition
colored with True in the influence tree (with C), so Unique €aMG@DC cannot be
achieved.

If the paths from C cross each other, then there is at least@mdition after C that is
evaluated in both paths. Let us call Ic the last conditionnehke two paths cross. By
definition of Ic, the two sub-paths that start from |lc and godtcomes do not cross each
other. This means that they exit by twdfdrent edges from Ic; otherwise, the node that
they would reach would be a common node after Ic, which wooldtradict the fact
that Ic is the last common node. So Ic takes twibedent values, True and False, on
these two paths. As a consequence, Ic is colored with Trueernfluence Tree, and
therefore C is not the only one colored with True, so UniquaseaMlGDC cannot be
achieved.

The two sides of the equivalence in Theorem 6 are now proved.

4.1.2 Masking MC/DC

TreorEM 7 Given a decision D, a pair of evaluations of D satisfies MaghtC/DC for
a condition C if and only if:

e both reach C;
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e their paths from C exit on two glerent outcomes and do not cross each other (C
excluded).

The diference with Unique Cause is that the paths to reach C mayfileeattit. That is
to say: only the sub-bdd of BDD(D) whose root is C is taken axtoount when proving
Masking MGDC,; anything before C does not matter (as long as C is reachad)ther

way to see that: Masking MIOC is achieved for C if Unique Cause MQC is achieved
on the sub-bdd of BDD(D) whose root is C. Or: any condition loa left of C is not

considered when trying to achieve Masking \C for C.

This may be justified as follow: we have seen that short-dir@perators do provide
some sort of masking in our original exam@leand then SUBDEC Now, consider
SUBDECand then A, in this case, SUBDEC will always be executed before A, so
the short-circuit operatamd then will not mask SUBDEC. Short-circuit operators are
non-commutative, and introduce this asymetricity. Sag AIBDEC::= B or else C,
then the following evaluations satisfy Masking MXC for C, but not Unique Cause:

B | C | SUBDEC :=Bor else C | SUBDECand then A
TIF|T T T
T| x T F

For Masking M@DC, we have to ignore the details of the evaluation of SUBD&L,
long as it ends up being evaluated to True. In terms of BDO, rtfeans that we do not
care about how we reached the considered condition, as bowg aeached it.

A formal model of this characterisation can be foundil_coverage.als, and a
proof of equivalence in a small scope (at most 4 conditionslpeisions) irbdd_dec_coverage.als.

Here is a proof in the general case. Yet another way to seer@imepis: a pair of eval-
uations proves Masking MOC for a condition C if and only if C is the last node where
the two paths to (dierent) outcomes crosses each other and diverges. Nodes wher
these two paths diverges are exactly the conditions colrddTrue in the influence
tree; and the last node is the righmost condition. This m#aatsTheorem 7 is directly
implied by Lemma 1.2.1.

Let us now comment a bit about coupling:

¢ \We have seen that the onlyfiirence between Unique Cause and MaskingMT
is the constraint on the way to reach the considered conditiee same path for
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both evaluations for Unique Cause, any path for Masking/IMC In a BDD,
the path to reach a node is unique in the case of no multipatesidhat shall
encourage us to have a closer look at this special case.

e When we commented about Masking MB, we saw that the asymetricity of
short-circuit was the problem: when two conditions are ¢edipthe leftmost one
can take advantage of the partial masking that short-¢iaperators provide;
however, the rightmost cannot. Now, can we any problematse dor this right-
most condition? This will be discussed in the following s&as.

4.2 Coupled conditions without multipath nodes

First, it can be seen that strong coupling only gives dedeellaases, where some
branches of the BDD cannot possibly be covered; this is wiafdllowing theorem
states:

Treorem 8 A BDD with no multipath nodes and with strongly coupled ctinds can-
not be covered for BDD branch coverage, Masking/®IC, Unique Cause MOC.

As Unique Cause MOC and Masking M¢DC are stronger than BDD branch cover-
age, we only need to prove this theorem for BDD branch cowerag

In a BDD with no multipath nodes, there is only one possiblapaeach node, travers-
ing all the previous conditions in the BDD ordering. Take tstoongly coupled con-
ditions; let us call fc the first one in the BDD ordering, Ic ts&cond one. When Ic is
executed, fc has been evaluated to a given value, and this igihe same for any eval-
uation that reaches Ic. Let us call this vaMeNow, as Ic and fc are strongly coupled,
there are only two possibilities: either Ic is always equald, and evaluates t@, in
which case the exit edge fapt V is never executed; or it is always the complementary
of ¢, and evaluates toot V, in which case the other exit edge is never executed. In any
case, BDD branch coverage cannot be achieved, as at leastigaés never taken.

This means that there are no meaningful cases of strongingupithout multipath
nodes. They could typically be optimizied out by the compile

We can however exhibit some cases of weak coupling that nsstese. For instance:
Dec::=t>T or else(t=T and then A)
Or an even more common pattern, that can often be found in C:

name != NULL && strcmp (name, "something")
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In these two examples, BDD branch coverage can be reachetheHurst one, it can be
checked that these evaluations cover the decision for BRDdbr coverage, Masking
MC/DC and Unique Cause MDC:

T|t=T|A || Dec

m|Mm|Tn |4V
| d| T | X
|| x

n|= ||

It can be seen that Unique Cause MC and Masking M@DC are equivalent in the
case of no multipath nodes, as there is only one possibletpatiach node; this is
a consequence of Theorem 7 and Theorem 6. So, with no mubltpates, Masking
MC/DC does not gain us anything, comparing to Unique Caus@NGor BDD branch

coverage):
e in the cases of strong coupling, none of these coverageiardan be reached;
¢ in all other cases, all of them are equivalent anyway.
If Masking MC/DC is of some help to handle coupled conditions, it has to benwh

the decision’s BDD contains multipath nodes. That is theosdacase that we will
investigate.

4.3 Coupled conditions with multipath nodes

The Theorem 8 cannot be extended to the case of multipatrsnd@de for instance
this decision:

Dec::=(Aand then B) or else (not Aand then C)

This decision is a common pattern, logically equivaleni foA then B else C. It
cannot be covered for Unique Cause NC, because the first and the third condition
are strongly coupled; but it can be covered for Masking/BIC, with the following
evaluations:
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A |B|notA | C | Dec
F| X T T T
F T FII F
T|T X x| T
T F X F

More precisely: the third condition cannot be covered forque Cause; but the first
and the last evaluation cover it for Masking MIT.

Another example with weak coupling:
Dec::=(t<T and then A)or else (t=Tand thenB)or else(t>T and thenC)

...which is another case where the logical space is padifint three cases herex T,
t=T,t>T) using conditions that are such that exactly one is Truedohevaluation.

From the truth table, the only condition for which we cannesagh Unique Cause is
t>T:

e when itis True, both < T andt = T have been evaluated to False;

e when itis False, eithdr< T ort =T has been evaluated to True;

so we cannot reach Unique Cause for this one. We can covar Mdsking MGDC
though, with any of the pairs (eT, eF1) and (eT, eF2), thessetavaluations being:

e 1=
(t<T = False, A= Not_Evaluated,
t=T = False, B= Not_Evaluated,
t>T =True, C=True)

e eFl=
(t<T =True, A= False,
t =T = False, B= Not_Evaluated,
t>T = False, C= Not_Evaluated)

e eF2=
(t<T = False, A= Not_Evaluated,
t=T = True, B= False,
t > T = False, C= Not_Evaluated)
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One could object that this decision may be rewritten aswallo
(Aand thent<T)or else(Band thent=T)or else(C and thent>T)

...in which case Unique Cause T could be achieved. However, such a rewriting
may not be possible; the execution of condition may have thegndition that < T,

in which case the rewriting would not be valid. So re-ordgrihe decision to allow
Unigue Cause MC to be reached is not an appropriate general solution todbe
pling problem.

In other words, Masking M@C is still useful in the case of short-circuit operators; bu
only when there are multipath nodes in the decision’s BDD.

5 Computing Masking MC/DC vectors

We have given earlier a simple way to determine if a pair ofieatsons proves Masking
MC/DC for a condition if only short-circuit operators are usétdwas Theorem 3: if
a decision Dec contains only short-circuit operators, NMtagMC/DC is reached for a
condition C if and only if there exists a pair of evaluatioi (e2) such that Dec[eH
not Dec[e2], and C is the rightmost condition that is evadab two diferent values in
el and e2.

In order to have an algorithm to generate a Masking/DIC coverage of a decision,
one may actually simplify even more the identification of a ldC pair. It is indeed
possible to determine which condition may be proven to havéendependent féect
from a given evaluation, and identify a polarity of this axation; an evaluation pair for
a condition C is then constituted by two evaluated marke€faith a diferent polarity.

The marker of this polarity for a condition C will there be edt(C) and f(C), depending
on the value of C in the evaluation. For instance, fonfid then B) or else C:

A | B | C | Dec| Markers
W[ T[T|X| T |[|tA),B)
@|F|X|T| T t(C)
B)|F[X|F| F |[fA),f(C)
@|T|F|[T| T t(C)
G)|T|F|F| F |[f(B)f(C)
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One property of Masking MMC that is worth mentioning is that any evaluation may
be used to prove MOC on some condition of the decision. From Theorem 3, if you
have a evaluation el, you may take any evaluation e2 suclbdwél]= not Dec[e?2]
(there is always such an e2 if the decision is not a simpledaootonstant), and then the
pair el, e2 proves MOC for some condition in the decision. In the previous exampl
this means that all lines of truth tables have a least oneenark

To build the influence pairs, one would then have to build)(f(x)) pairs for each x in
A, B, C. And one would want to choose the minimal number of exabns that covers
all t(x) and f(x). This is exactly the optimization versiohtbe set covering problem,
which is a well known (NP-hard) problem.

Can we do better than that from the structure of the deciseg? get a minimal set
without having to build the whole truth table? Not really. €rthing is that we cannot
know, from the structure of the decision, which evaluatieheuld be prefered. That
is really something that depends on the context of executiorparticular, coupling

cannot be deduced from the structure of the decision; we teakieow more about the
context of the execution to deduce which evaluations angadlgtto be removed from

the truth table. e.qg. if the decision that we considered wasadly:

(N1=0and then N2=0)or elseN1>0

..(thatisto say: A=N1=0, B :=N2=0, C:=N1>0), we would not be able to
deduce, from the structure of the decision, that eval (4jnigassible. That is really
something that only an analysis of the context of executgog. (by abstract interpreta-
tion) can deduce.

So, to compute the set of evaluations to reach MaskingMon a decision, one could
typically:

e build the annotated truth table from the structure of thediea;

e let abstract interpretation remove entries that are implesgbecause of cou-
pling);

¢ use a well-known algorithm to solve the Covering Set problem

The following sections will detail the first part.

5.1 Marking an evaluation

This section will first define formally the markers f(&¥L) and will prove its relation-
ship with Masking M@DC: that a pair of evaluations (eT,eF) is marked with (t(QJ,)j
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if and only if it proves Masking MEDC for C.

Let e be a valid evaluation vector for a decision; e(C) belmgvalue of condition C in
this decision.

For such an evaluation, we annotate the syntax tree with thetlevaluation of each
sub-decision and the MCDC markers. The algorithm is thewahg:

BUILD_MARKERS.Simple_Condition_Decision The sub-decision is a single con-
dition decision, it is of the form:
DEC:=C
In this case:
evalC,e) = ¢C)
and, for markers:

o if Cis evaluated to Truein e:
markergDEC, e) = {t(C)}

o if Cis evluated to False:
marker¢DEC, e) = {f(C)}

¢ and otherwise (if e(C) is not evaluated):
markergDEC, e) = {}

BUILD MARKERS.Not The sub-decision is of the form:
DEC ::=notDECL
In this case:
eva(DEC, e) = noteva(DEC1)
marker¢DEC, e) = markergDEC1)

BUILD_MARKERS.Short_Circuit The sub-decision is of the form:
DEC:=DECL x DECR
In this case:
evalDEC, e) = evalDECLe) x evalDECRe€)
and, for markers:

e if eva(DEC,e) = eva(DECL €e) = evalDECRe):
markerg4DEC, e) = markerg§DECL e) + marker§DECR €)
(we will call this case “both”)

e if eva(DEC,e) = eva[DECL €e) # marker§DECR e):
markergDEC, e) = marker§DECL, €)

(we will call this case “left”)
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e if evalDEC,e) = eval[DECRe) # marker§DECL e):
marker§DEC, e) = marker§DECRe)
(we will call this case “right”)

The fact that eval(DEC, e) corresponds the evaluationse{ghbb-)decision is pretty
obvious.

In BUILD_MARKERS.Short_Circuit, “left”, “right” and “boh” cover all possible cases
; we have either eval(DECL, e) or eval(DECR, e) (or both) treate the same value as
eval(DEC, e). That's a obvious property aiid, or, and then, or else... Let just
maps the three cases on the three possible evaluations) jusike this clear:

eval(DECL, e)| eval(DECR, e)| eval(DEC,e)| case

not SC not SC not SC “both”
not SC SC SC “right”
SC X SC “left”

Now let us prove this property that states the relation bebhtbese markers and VIOC:

TreEOREM 9 Let eT, eF be two evaluations of DEC such that:

e eT(C)=T

. eF(C) =F

(eT, eF) verifies Masking MDC for C in DEC if and only if:

e t(C)isin markers(DEC, eT)

e f(C)is in markers(DEC, eF)

This will be proved by induction on the decision structuned ave will only consider
the only case that is not totally trivial: BUILD_MARKERS.8H_Circuit. So we have
DEC ::= DECL x DECR we assume that the property is true for DECL and DECR
and show that is true for DEC as well. Let use consider the tdas0f this equivalence
separately:
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e Let us suppose that (eT, eF) proves Masking/BIC for a condition C, and let us
prove that t(C)¥(C) are in markers(DEC, efiparkers(DEC, eF):

If Cisin DECL: the root of DEC is colored with True in the influee tree, and
the root of DECL is colored also with True in the influence tretherwise there
would not be a path of True from C to the root of DEC.

DEC's root and DECL’s being both colored with True, they h&ae¢h changed
between eT and eF. This means that one of these two vectarths tboth” case,
and the second is in the “left” case. In both cases, the makdDECL is a subset
of the markers of DEC.

The root of DECL being colored with True, we have Masking @C for C in

DECL. By using the induction property on DECL, we can dedunz t(C) is in
markers(DECL, eT), and f(C) in markers(DECL, eF). As we stved that the
markers of DECL are a subset of the marker of DEC, we therdfave t(C) in
markers(DEC, eT) and t(F) in markers(DEC, eF).

If C is in DECR: the same reasoning shows that (eT, eF) aréttrignd “both”.
The same conclusion follows.

e Let us assume that t(@)C) are in markers(DEC, efiparkers(DEC, eF), and let
us prove that (eT, eF) proves Masking KD for a condition C:

t(C) and f(C) can only come from the sub-decision that cowsté&l. This rules out
the case (“right”, “left”); indeed, in this case:

markers(DEC, “right”)= markers(DECR, “right”)

markers(DEC, “left”)= markers(DECL, “left”)

...which would mean that either markers(DEC, eT) or mafk#E, eF) would
contain no marker for C (markers from C come either from DE@lirom DECR,

but not from both!), which contradicts the hypothesis. Sohaee only two pos-
sible cases: either (“both”, “left”) or (“both”, “right”).

If Cis in DECL: then t(C) comes from markers(DECL, eT) and)f@mes from
markers(DECL, eF). So we can use the induction hypothesisdoce that (eT,
eF) proves Masking M@C for C in DECL. This means that DECL takes two
different values with eT and eF; as we ruled out the case (“rijeft;), it means
that we are in the case (“both”, “left”). In this case, DEC nbes its value as
well, so it is colored with True in the influence Tree. Whichanse that we have
a path of True from C to the root of this influence tree, and asrifluence set is
a singleton (per Lemma 1.2.1), this tells us that (eT, eFyggdMGDC for C in
DEC.

If C is in DECR: same thing with the case (“both”, “right”).
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5.2 Marking a truth table

The previous algorithm was about determining the markeessociate to a given eval-
uation; this one will compute the same thing for the whol¢httable. it is expressed

here in a general formalism: Linear Logic. It should then bsgible deduce, from

this formalism, an implementation tailored to the tool thet target. There are some
comments about implementation at the end of this section.

For now, we will be in the perfect world of Linear Logic expsems.

5.2.1 Linear Logic expressions

The idea would be to go through the structure of a decisiori@ptbduce an expression
that records the relation between:

e a producer, that takes decision evaluations and producdeemd(c) orand f(c);

e a consumer, a dual actor that gives evaluations and recmiadsers.

As we will see, this scheme fits quite neatly to both the stmacof the decision and the
truth table that we want to produce.

In the following, in order to easily talk of the forms of theperssions that the algorithm
manipulates, we will gives some grammar fragments in BNistiagments: we will be
talking about conditions, which will be atoms in this cortieand the MZDC markers
that we introduced previously:

< condition> ::= AIB|C|...
< marker> ::= (" f ("< condition>")")|("t('< condition>")")

It is not the purpose of this paper to give a comprehensiveduiction to Linear Logic.
Only a tiny understanding of this substructural logic isaezkin our context. [DD92]
is a good introduction; in particular, it gives an informeahsantics that is good enough
to understanding the algorithm that we will develop. We \ubt give here a similar
informal interpretation in the context of our algorithm.

linear negation The linear negation express the producer-consumer regdtip: if
a ressource is received on one side, it is given on the otber Siake for example a
markert(C): t(C)* expresses the fact that this marker is expected (by the nwrdpon
the contraryt(C) expresses the fact that this marker in given up (by the predu
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As classic negation, linear negation verifies double negatlimination:

(@)t=a

Multiplicative conjunction We need to be able to talk about particular evaluations
of a decision; for instance to say that condition A has beealuated to False, then
condition C has been evaluated to True. We will use the niigéifive conjunctiof for
that. To refer to this evaluation, we would say:

{A=F}®{C=T}

In this particular case, we may also just npde= F,C = T} as a shortcut.

So the expressions that we just mentioned verifies the follpBNF:

< condition eval> ::=" {"< condition>"=" ('T'|'F")"}
< decision eval> ::=< condition eval> [® < decision eval>]

Multiplicative disjunction  Because of the producer-consumer duality, there is also
a multiplicative disjunction for the other side of this retemship. They are related to-
gether by De Morgan'’s laws:

(a®b)* =a-yat
In our example, this gives us:
((A=F}e{C=T)  ={A=F}(C=T}"

...which would express what the producer expects beforeatlg marker f(A).

Linear implication  This duality allows to express contracts of the form: if youeg
me this, I'll give you that. Such a contract is expressed leylitiear implication. It is
defined as:

a—obi=at®b

1Technically, the multiplicative conjunction is commutatiin linear logic, so we lose the order in
which these two conditions have been evaluated. It does attenmuch, we may just order them in
an actual implementation. We could also have used Cycliedrihogic, in which multiplicative opera-
tors are not commutative. But that would complicate a bitdkpression of the algorithm, introducing
exponentials; we chose to keep it simple.
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This is similar to classicghtitionist logic where implication is defined agaV b. In the
following, we may also use the reciprocical foemt

ao—b:=a®bt

As the multiplicative disjunction is commutative, those atrictly equivalent, but the
second form will be clearer in some expressions.

We will use this operator to attach a marker to an evalatian. e
{A=F,C=T}—- f(A)

which you would read as: “Give me A F and C= T, and then I'll give f(A) (which is
half of A's independence pair)”. That's the producer tagkin

We will give the BNF of such expressions as welinfcdc_markers is developped
later):

< mcdc vector>::=< decision eval>’—"< mcdc markers>

Additive conjunction Now we know how to talk about one evaluation; but we need

to be able to talk about several of them, to say somethindtlite evaluation *and* this

evaluation proves MMOC for this condition”. This “and” is the additive conjunchi &.

e.g. to talk about vector (2) and (4) in our previous exampwould say:
{A=F,C=T}—-t(C)&({A=T,B=F,C=T} - (C))

i.e. if one wants to have a vector for which C is True and is thly condition that
impacts the value of the decision, he may either chooseRAC=T}, or {A =T, B=F,
C=T}.

The multiplicative disjunction is distributive over theditive conjunction; therefore,
linear implication is left-distributive over it:

a®¥(b&c)=(a®¥b)&(a%c)
a—o(b&c)=(@a—-hb)&(a—wc

With this property, the additive conjunction may also beduseexpress the fact that
several markers are associated to the same decision evaluag. eval (3) of our
example has two markers f(A) and f(C), so it can be expressed a

{A=F,C=T} - (f(A)& f(C))
As before, BNF for future references:

< mcdc evals> ::=< mcdc vector> ['&" < mcdc evals>]
<mcdc markers> ::=< marker> ['&’ < mcdc markers>]
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Additive disjunction  Additive conjunction also has its dual operator: it is thditide
disjunction®, which verify De Morgan'’s law:

(@& byt =atea"

The duality ofe and & actually helps expressing the side of a choice in amredte.
e.g. inA& B, you may choose either A or B; k@ B, you may be given A or B, but the
choice is on the other side. Obviously, when one side canfy&®, the other side can
receiveA® B. In our case, this says that the choice between alternatives jis made by
the consumer, not by the producer.

The multiplicative conjunction is distributive over thediiive disjunction; and, with De
Morgan’s law, linear implication is right-distributive ewit:

(aeb)ec=(avc)®(bxc)
(a®b) oc=(a—-c)&(b—0)

So, to talk about the two vectors (2) and (4) previously, wg hreve factorized out t(C):
(A=F,C=T}®{A=T,B=F,C=T)}) < t(C)
And, as® is distributive ovem, this expression is equivalent to:
({A=FC=T}®o{A=T,B=F})®{C=T}) - t(C)
{A=F,C=T}®{A=T,B=F} is another way to state a known property of Masking

MC/DC: when proving independentfect of C, it does not matter which path to C has
been taken.

The algorithm will indeed use to talk about the alternative paths to reach a condition.

Other properties %, &, ® and® are all commutative and associative. Thanks to
associativity oy and De Morgan’s law, we have the following property:

a—(b—oc)=(@asb)—oc

5.2.2 Algorithm

The algorithm forms two kinds of expressions:
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e two of them representing any path from root of BDD to True:hgato (T, Dec)
and paths_to (F, Dec);

e two of them representing one half of any masking MC coverage; MCDC(T,
Dec) represents the evaluations that exits on True, MCDD#E) represents
the evaluations that exits on False; The final result beiWtlC2DC(T, DeQ &
MCDC(F, Deg

The algorithm is defined by induction on the structure of tbeision:

BUILD_MCDC.Simple_Condition_Decision

T

paths to(T,DEC) = {C
paths to(F,DEC) ={C=F
MCDC(T,DEC)={C=T
MCDC(F,DEC) ={C=F

— t(c)
— f(c)

BUILD_MCDC.NOT

paths to(T,DEC) = paths to(F, DEC1)

paths to(F, DEC) = paths to(T,DEC1)
MCDC(T,DEC) = MCDC(F,DEC1)
MCDC(F,DEC) = MCDC(T,DEC1)

BUILD_MCDC.Short_Circuit

paths to(-S CDEC) =paths to(-S CDECL) ® paths to(-SCDECR
paths to(S CDEC) =pathsto(SCDECL)
@ paths to(-SCDECL)® paths to(SCDECR
MCDC(-S CDEC) =MCDC(-S CDECL) o paths to(-SCDECR
& paths to(-SCDECL) - MCDC(-SCDECR
MCDC(SCDEC) =MCDC(SCDECL)
& pathsto(-SCDECL) -« MCDC(SCDECR

A few comments before proving that the results of BUILD_ _MCDErepresents what
they are meant to be... to get an intuition of the linear ajpesa Consider the case of
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sc/ \-sc

SC =SC
(a) DL % DR

BUILD_MCDC.Short_Circuit (as always, the only one thataally substantial). DEC’s
BDD can be represented as on figure 3(a)

Paths toS Cin DEC contains exactly the paths $Cin DECL and the concatenations
of all paths to-S Cin DECL with all paths taS Cin DECR, which corresponds to this
expression:

paths to(S CDEC) =paths to(SCDECL)
@ paths to(-S CDECL) ® paths to(SCDECR

The concatenations are expressed®mnd is assured by its distributivy over as we
will show below.

Similarly, MCDC evaluations that rea&Cin DEC are exactly MCDC evaluations that
reachS Cin DECL and the concatenations of all paths8 C (all paths: in Mask-
ing MC/DC, one does not care about the path to reach the conditionHmh we are
proving the independence) with MCDC evaluations that reaChn DECR:

MCDC(SCDEC) =MCDC(SCDECL)
& paths to(-SCDECL) -« MCDC(SCDECR
This time, the concatenation is expressedbinstead ofz. And the list of evaluations
is constituted by & instead @. But that’s the same idea. It’s just that there is a duality
between & andp (resp.® and%) and that MCDC(...) and paths_to(...) just happen to

be on a diferent side of this duality. Otherwise, these operators woekty much the
same way.

5.2.3 Properties

We'll start with some simple syntactic properties:
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e paths_to(...) can be normalized to match the following @ynt

< paths nf >::=< decision eval> ['®’ paths nf]

This is proven by induction; in the proof, and in all otherg@i®on this algorithm,
only the case of BUILD_MCDC.Short_Circuit is non-trividlhis case is proven
by using the distributivity o& overe.

Example:

paths to(T, (A and then B) or else C)
={A=T,B=T}e({A=F}®{A=T,B=F})®{C=T}
={A=T,B=T}e{A=F,C=T}®{A=T,B=F,C=T}

e MCDC(...) can be normalized to match the following syntax:

<mcdc nf >::=<mcdc vector>['&" <mcdc nf >]

This is proven as the previous property, by structural itida¢ focusing on ex-
pressions of the formpaths to(...) -« MCDC{...) in BUILD_MCDC.Short_Circuit.
These expressions are reduced by:

— dismembering paths_to(...), using right-distributivafy— over;
— dismembering MCDC(...), using left-distributivity eb over &;

— merging evals of paths_to(...) with evals of MCDC(...),ngsassociativity
of 7.
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Example:

MCDC(F, (A and then B) or else C)
=({A=T,B=F} - f(B)& {A=F} - f(A)) — {C=F}
&({A=F}e{A=T,B=F}) - ({C=F} — f(C))

=({A=T,B=F} - f(B)& {A=F} - f(A)) — {C=F}
&{A=F} - ({C=F}— f(C))
&{A=T,B=F} o ({C=F} — f(C))

=({A=T,B=F} — f(B)) — {C=F}
&({A=F} — f(A) —{C=F}
&{A=F} - ({C=F} - f(C))
&{A=T,B=F} - ({C=F} —- f(C))

={A=T,B=F,C=F} - {(B)
&{A=F,C=F}— f(A)
&{A=F,C=F}— (C)
&{A=T,B=F,C=F} - f(C))

We can even factorize common evaluations using left-thstrrity of — over &:

={A=T,B=F,C=F} — (f(B)& f(C))& {A=F,C=F} — (f(A) & f(C))

For now on, the normal form for MCDC(...) will refer to the farwhere only one
occurence of each decision evaluation can be found in tmeuiar. That will be
the next item.

Unicity of normal forms

Let us define normal forms as follow:

DermniTION 6 paths_to(...) is said to be in normal form if it verifies thetsx of
<paths_n#.

MCDC(...) is said to be in normal form if it verifies the syntdxmcdc_n# and
if only one occurence of each decision can be found in thedtarm

Existence of normal form has been proven previously. We lzapeoperty of
unicity (modulo commutativity) that is a general properfyttese expressions in
linear logic:
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Tueorem 10 Two expressions in normal forms are say to represent the sartine
table if you can reduce one to the other using only the comimitteof ®, @, &,
3.

Then, if an expression returned by BUILD_MCDC can be reducédo djferent
expressions in normal forms, then these two normals formesent the same
truth table.

This is a general property of linear logic, that can be prousimg its sequent
calculus. The detail of this proof may be found in Appendix A.

e Evaluations and normal forms

Tueorem 11 Let us call evals(EXP) the set of decisions evals in the nbionan
of EXP. Let OUT be a boolean constant that represents themeaof a decision.
We have the following properties:

— evals(paths_to(OUT, Dec)) are exactly those that evakiBtec to OUT;
— evals(paths_to(OUT, Dec} evals(MCDC(OUT, Dec)).

The first part says that paths_to(OUT, Dec) does represeat iwis meant to
represent. That can be shown by structural induction; thémihe distributivity
of ® over®, it can be seen that:

eval{(A® B)®C)) = eval4A) = eval4C) + evalB) = eval{C)

x on the left being the cartesian produetbeing the set union. After that, it is
just a matter of checking that each paths to OUT is in evalb§ao(OUT, Dec));
this offers no technical diiculty.

The second part says that all entries of the truth tableseretated (which would
eventually mean that all of them may be used to prove Maski@N for a

condition). That is one of the property that we introducedur preliminary
remarks.

This is also proven be induction, using distributivity peofes of—- . One may
use the multiplicative disjunction and its distributityesv& to make the proof
simpler. One may notice how, in the key case BUILD MCDC.$h0ircuit, the
expression of paths_to(OUT, Dec) and MCDC(OUT, Dec) arelarmAgain, no
technical dificulty, just a mechanical check that each evals can be foubdtim
expressions.

e MCDC vectors and normal forms
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Taeorem 12 Let us call vectors(EXP) the set of mcdc vectors in the nofarai
of EXP.

Let OUT be a boolean constant that represents the outcome®e€igion.

Then vectors(MCDC(OUT, Dec)) represents exactly the Hiatlannotated truth
table of Dec in which Dec is evaluated to OUT.

Evals on the left ofo operators, markers on right. This just says that MCDC(OUT,
Dec) does represent what it is meant to be.

We already know that MCDC(OUT, Dec) contains all and onlylgethat such
that the outcome of Dec is OUT: that was the second part ofgrtpd 1. So, to
prove the new property, we would just need to follow the mezke

To prove that the resulting set contains all @C markers, we would use a prop-
erty of masking MZDC: if an evaluation can be used to prove t(c) for a condition
c in Dec, then it restriction to a sub-decision (that corgahproves t(c) for this
sub-decision as well (that lemma can be proven fairly easitly a structural in-
duction on influence trees). Same thing for f(c). With thisperty, we can show
that the coverage that is computed cannot be incompleteywite the cover-
age of one of the sub-decisions (DL or DR) would be incomphetach would
contradict the induction hypothesis.

5.2.4 Thoughts about implementation

From the properties of BUILD_MCDC, we can deduce a set of Bfiogtion for a real
implementation.

e MCDC(OUT, Dec) can be represented by a list of evaluatiosred with the
t(c)/f(c) markers; such a structure would represent the nornnal & the expres-
sion. This list is what we called the annotated truth tabléera

e No pointin maintaining two dierent structures for MCDC(OUT, Dec) and paths_to(OUT,
Dec); the second one can be deduced from the first one by removarkers
(property 11).

¢ In the context of our expressions, multiplicative operaiane always distributive
over the additive ones. So one may just undersgaadd— as a cartesian product
over annotated truth tables.and & can be thought of as union.

e \We can have one entry per evaluation in the truth table, avefglemarkers asso-
ciated to them, thanks to left-distributivity eb over &. Entries may be ordered
to ease to factorize markers out: e.g. Mand then B) or else C, evaluation
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{A =T, B=F, C=T} can be encoded in binary as 101. This gives us an index for
ordering evaluations in the truth table. When in an evatueéi condition is not
evaluated, the value of its digit in the index can be set tor(L(@s long as the
same convention is kept for all such evaluations). e.g. fotR, C=F}, index is
000.

e An implementation may not add some evaluations if it can @r@wy an other
mean) that coupling prevents them. This may avoid to bugdthole truth table.

¢ Inthe modularimplementation of BUILD_MCDC, when analygmsub-decision
that contains all conditions on which we focus, it is posstbldrop any evaluation
that does not execute one of these conditions.

A unicity of normal forms of paths_to(...) and MCDC(...)

An interesting opportunity to manipulate the sequent dakof linear logic; but this
does not bring any additional knowledge about MCDC... wisalihy it is in appendix.

First, note that the normal forms of paths_to(...) and MCDE(have (almost) dual
syntaxes:

e to® in <paths_n#, one may associate its dual operator &imcdc_n#;

e t0® in each<decision_eval of <paths_n#, one may associate its dual operator
%y in <mcdc_nft when re-writing the linear implication and using Demorgan’
laws; e.g. A®B) — f(A) = AL BB+ % f(A)

The only diference is thatkmcdc_marks may contain several marks separated by &.
Still, if we develop MCDC(...) using left-distributivityfo— over &, the syntax of the
result is in duality with<paths_n#; so if we are able to prove that the normal form of
paths_to(...) is unique, a dual proof would show that thissttgpment of MCDC(...) is
unique. The last step is straight-forward.

So we will concentrate orpaths_n#t. We will show that if two expressions; and
E, satisfy<paths_n# and are such that they are reductible to each other, theratkey
identical. To show that, we will just need to prove the foliogZlemma:

Lemma A.0.1 if E1 and B satisfy<paths_n#, and if E; + Ep, then evaléE;) is a part
of evalgE»).
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As a consequence of this lemmaEf + E; andE; + E1, thenevalgE;) = evalgE>), so
they may only difer by the order in which these evals appear in both express@@D.

(Strictly speakingE; = {A=F}&{B=F}andE2 = {B = F}®{A = F} are two ditfer-
ent expressions that both verifiepaths _n# and are equivalent; but we are of course
considering unicity modulo commutativity in this contgxt.

This lemma will be proven by recursion on the total number\a®in the sequent
E1+ E2. In each case, we will consider a cut-free proof of this satjaed reason on
the last rule that has been applied.

A.1 if #evaldE,) +#evaldEy) =1

Then the sequent is eitherE, or E1 +, and the syntax oE, or E; satisfies<deci-
sion_evak. This syntax uses only multiplicatives connectors, so dguient has a proof
in the multiplicative fragment of the linear logic. This frament is conservative over
contexts: it means that for any rule the context in the canoluis the disjoint union of
those of the premises: e.g. fer

FILA FA,B

+tT,A,A®B

..I, A, A and B are both in the conclusion and in the premises.
Any atom A inE1 (resp.E>) has therefore been introduced by an axiom:
FA A"

This axiom has also introducéd- and as we have conservation over context, this atom
is also in the conclusion. However, all atoms in the conolugt E1 or E> 1) have the
same polarity. So no such expression exists.

A.2 If #eval4E,) + #evalgE)y) = 2

Then #valgE;) = #eval4Ey) = 1; otherwise, we would be in a similar case as the
previous one, and the fact that all atoms are of the sameifyolesuld lead us to the
same conclusion.

This means that we ha&, + E, with E1 andE, satisfying<decision_eval. We are
still in the multiplicative fragment; as it is conservatigeer contexts, we can still say
that any atom has its dual alter-ego in the final sequent. 8o &om A is inEp, then
A (At passed on the left side efbecomes A) has to be i1, as all other atoms df»
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have the same polarity as A. As a consequeBg¢@ndE, contain the same set of atoms
articulated byg. So, commutativity o® aside,E; = E».

A.3 If #evalgE1) +#evalgEo) =N (N > 2), assuming that the prop-
erty is true for #evalgE;z) + #evalg{Ep) < N

Three sub-cases:

A.3.1 if#evalgE;) > 1and #evalgEy) > 1

Both E; andE; contains at least twadecision_eval's, separated bg. So the last rule
applied in a proof oE; + Ez is either an introduction ab on the left, or the introduction
of @ on the right. In the first case, the last rule is of the form:

ELl F E2 ERl F E2

ELioER - E>

.with E; := EL1®ERy. #evalgEL;) + #eval{E>) < N, so we can use the induction
hypothesis orEL; + E: evalgEL;) is a part ofeval§Ey). Same thing folER; + Ej:
eval§ERy) is a part ofeval§Ey). As a consequence, the union efal§EL;) and
eval§ER,) is also a part oéval{E). QOD.

In the second case, the last rule is of the form:

Eir EL> EirER
or
Ei+tELOER EirELOER

...with Ep ::= EL, + ER.. We’'ll concentrate only on the first case, the second is ob-
viously identical. In this case,ealfELy) < N, so we can use the induction hy-
pothesis orE; + EL,: evalgE1) is a part ofevalg4Ey). A fortuiri, it is also a part of
evalfEL, + ERy). QOD.

A.3.2 if#evalgE1) > 1, #evalgEy) =1

In this case, the last rule may either be an introductiap o the left, or an introduction
of ® on the right. For the first case, same reasoning as in thequewase. For the
second case, if the last rule introdu@een the right, it is of the form:

E1 + EL2 + ERz

Elr EL,RER
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...with Ez ::= EL, ® ERy,. The syntax ofER, satisfies<decision_eval, which makes
+ ER, false (that is the initial case that we considered in thisigtde proof). So this
cannot be the last rule, only the first case makes sense, hasl @ready been proven.

A.3.3 if#evalgEj) =1, #evalgEy) > 1

In this case, the last rule may either be an introductiom @ the right, or an intro-
duction of® on the left. For the first case, same reasoning as in the fisst deor the
second case, if the last rule introdu@een the left, it is of the form:

ELl, ERl F E2

ELi®ER +E>

LWith Ep = EL1 ® ER;. The sequenEL;, ER; + E> is in the same situation; the rule

above it is either an introduction & on the right, or an introduction @ on the left.

So we may have any number of left-introductionsdfefore a right-introduction ab:
Ei11,E12,....,ElNFEL

Ei1,E12,....,EANF ELL® ER

E11®E1p®..EINFELOER

It can easily be seen that one can switch to order, applyiegéh of left-introductions
above the final right-introduction, as they only touch ortesif the sequent; i.e. there
exists an equivalent proof & + E, of the form:

Ei1,E12,....,EANF ELb® ER

E11®E12®..QEin+F EL
E119E1p®...QEINFELOER

So we are back to the case where the last rule is a right-inttaxh of ®, which has
been studied in the first case. QOD.

The fourth sub-case would bevalgE1) = 1 and #valgEy) = 1, but it is the exact
same case asw#al{E;) +#evalgE>) = 2... So we have covered all cases and proven
the lemma.
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